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A scalable adversarial learning approach
using natural gradients for
solving partial differential equations

Shu Liu (UCLA), Stanley Osher (UCLA), Wuchen Li (U of SC)
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Computing high-dimensional PDEs

® Growing demand for solving high-dimensional partial
differential equations (PDEs) across diverse fields':

Standard Gaussian Designated distribution
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) &1

White noise Generated figure

® Due to curse of dimensionality, classical numerical methods
face challenges.

1
J. Hermann, Z. Schatzle, F. Noé. Deep-neural-network solution of the electronic Schrédinger equation.
Nature Chemistry, 2020.
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Deep learning algorithms for PDEs

O Solving specific PDE:
® Minimizing residue:
® Physics-informed neural networks (PINNSs) [Raissi, et al. 2019], etc.
® Variational formula:
® The Deep Ritz method (DeepRitz) [Yu, et al. 2017], etc.

® Adversarial training:
® Weak adversarial networks (WANSs) [Zang, et al. 2020], etc.
® Residual-attention-based approach [McClenny, et al. 2020], etc.

® And many more...

O Operator learning:

® Deep Operator Network [Lu, et al. 2021], training DeepONet |[Lee, et al.
2023], Fourier Neural Operator [Li, et al. 2021], In-context operator
learning [Yang, et al. 2023], etc.

® Multi-Operator Multimodal learning [Liu, et al. 2023][Zhang, et al. 2024]...
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What is a Neural Network?

A fully connected neural network: Multilayer Perceptron (MLP)

b(h) c R4 b(out) cR3

. MLP: f(-) : R? — R3.
‘:a(lout)}—)
e

) e Input: x" € R?,

o 2 = (WX 4 ),
N o alout) = U(W(OUt)a(h) + b(OUt)),
“(20"” o e Output: fy(x\M) = alow),

o: nonlinear activation function.

Parameters:
0= (W(h)’ b(h)7 W(Dut‘)7 b(out)).

wh cge2
. t-layer hidden-layer output-layer licti
input-layer (1st layer) (2nd layer) prediction

1
https://www.geo.fu-berlin.de/en/v/soga-r/index.html
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Solving PDEs using deep learning

® Poisson equation:
—Au=f,on, u=g, on . (1)

Assume Q C RY is a bounded open region.
Suppose (1) admits a unique solution wu,.

e Substitute u(-) : RY — R with neural network ug(+) : RY — R.

® Find an approximation solution uy(+):
® Propose a loss function L(0) that quantifies the discrepancy
between uy and u,.
® Optimize L(#) w.r.t. 6.

Summary
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Loss function

» Loss function L(#)

e PINN: Minimize L2 norm of residue.

L(6) = / = Aup — Fld+ A / lup — gl2dpion
Q o0

2 2
=| = Aluo — us)lli2() + Alluo — usli2(50)-

® DeepRitz: Optimize the energy functional,

1
L(6) = / LI ul? = fupd+ A / jus — glduon
Q o0

=[IV(uo — U*)Hé(m + Allup — U*HiZ(aQ) + Const.

2Y. Park, C. Song, and M. Kang. Beyond Derivative Pathology of PINNs: Variable Splitting Strategy with

Convergence Analysis. JMLR, 2024
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00000



Motivation NPDG algorithm Convergence analysis Numerical examples Summary
0000008000 00000000000 000 000000 00000

Loss function

» Loss function L(f) (continued)

e Adversarial learning (Weak Adversarial Network):
Introduce a test function ¢, € H3(2), integration by parts

yields
2
L(0,1m) =10g { — Aug — £, 7 E2 ) 4 Ao — glzan)
n
V(ue — us), Vo 2
—log<< ( H%H)z 2 ) Mo — e Bogony.

We consider
infsup L(6,7).
0 7

Versatility
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Optimizer

» Optimizer for large-scale machine learning problems
® First order optimizers:
® Basic: Stochastic Gradient Descent (SGD).

® With per-parameter learning rates: AdaGrad
RMSProp , Adam

® Second order optimizers:

® Hessian-free method.
® Quasi-Newton: L-BFGS method.
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Performances of existing methods

Relative L2 error vs. wall clock time(s).
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Performances of existing methods

Convergence analysis

Relative L2 error vs. wall clock time(s).

Proposed algorithm: Versatile, Efficient, Stable.

50D, Poisson equation
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Numerical examples
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Related works: Preconditioning on Deep PDE solver

Various preconditioned deep-learning PDE-solver
¢ Multigrid-augmented method: [Azulay, et al. 2022]
® Domain decomposition strategy: [Kopani¢akova]
® Incomplete LU preconditioning: [Liu, et al. 2024]

® Gauss-Newton for variational problems: [Hao, et al. 2024]

¢ Natural gradient method for PINNs (Distilling the Hessian
for the residual functional for preconditioning):
® Direct forming and inverting the precondition matrix via least
square problem: [Miiller, et al. 2023];
e Utilizing K-FAC approximation: [Dangel, et al. 2024].
°

And many more...
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Novel scheme: Adversarial learning + Preconditioned gradients

New loss functional + Operator-informed preconditioning

Natural Primal-Dual Gradient (NPDG) method
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Natural Primal-Dual Gradient (NPDG) method
Let us derive the algorithm for the Poisson equation:
—Au=f,onQ, u=g, on . (2)

® Denote u. as the unique classical solution.

® Consider

F:H Q) = L2(Q) x L*(89Q), ur (—Au—f,Bu—g),

It suffices to solve the root-finding problem F(u) = 0.

This can be reformulated as:

inf 1

1
. SIF)I122 = 51l = Au = fllizq) + 1Bt — glli2(o0)-
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A saddle point scheme

® Recall Legendre transform: 1| - |12, =sup,c2 (-, V)2 — 2[|v|72.

® We formulate

inf sup Go(u, i) i=(F(u), (0, 0))ez — 5,0

uEH2(Q) pel?(Q),
el (09Q)

Summary
00000

(- Au—f.9)a+ (- g 0)on — eV

® H3(Q) is dense in L*(Q), fix ¢ € Hy (),

inf sup  &(u, @, ) ::/Vu-Vgo—fgpdx—F/ (u—g)do
Q ro)

uEHA(Q) pepl(a),
»eL?(09)

_1 </¢2dx—|—/ wzda).
2 \Jqg aQ
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Leveraging Primal-Dual Hybrid Gradient (PDHG)! algorithm

n+1 . 1
| = argmin < S (e = el + 19— Gallion) — Gl @ 0) ¢
n+1 LpGHé(Q) T
YeL?(09)
SZnH ©n+1 Pn+1 ©n
~ = _F w —
Ut Ynt1 Pt n ’

. 1 o~
uri = axgmin { o (Ilu = ) + 1B~ Bualfrom) + 6ot Grit, i) |
ueH?(Q) Tu
® Proximal Grad Ascent + Extrapolation + Proximal Grad Descent.
® 7,,7,: stepsizes, w: extrapolation coefficient.

® Successful applications on finite difference schemes for conservation laws,
reaction-diffusion equations®, etc. (1D, 2D)

1M. Zhu, T. Chan. An efficient primal-dual hybrid gradient algorithm for total variation image restoration.
A. Chambolle, T. Pock. A first-order primal-dual algorithm for convex problems with applications to imaging.

Shu Liu, Siting Liu, Stanley Osher, Wuchen Li. A first-order computational algorithm for reaction-diffusion
type equations via primal-dual hybrid gradient method. JCP, 2023.
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Leveraging Primal-Dual Hybrid Gradient (PDHG)! algorithm

©n+1 . 1 2 2
¥ " = argmin T(HSD - ‘Pn”ﬂ(n) + 1Y — wnHB(aQ)) — &o(un, 0, Y) ¢
n+1 ApGH&(Q) Ty
Pel?(09)
L,A01n+1 Pn+1 Pn+1 ®n
~ — + w —
Yni1 Ynt1 Yni1 Un ’

. 1 o~
uri = axgmin { o (Ilu = ) + 1B~ Bualfrom) + 6ot Grit, i) |
ueH?(Q) Tu
® Proximal Grad Ascent + Extrapolation + Proximal Grad Descent.
® 7,,7,: stepsizes, w: extrapolation coefficient.

® Successful applications on finite difference schemes for conservation laws,
reaction-diffusion equations®, etc. (1D, 2D)

1M. Zhu, T. Chan. An efficient primal-dual hybrid gradient algorithm for total variation image restoration.
A. Chambolle, T. Pock. A first-order primal-dual algorithm for convex problems with applications to imaging.

Shu Liu, Siting Liu, Stanley Osher, Wuchen Li. A first-order computational algorithm for reaction-diffusion
type equations via primal-dual hybrid gradient method. JCP, 2023.
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Leveraging Primal-Dual Hybrid Gradient (PDHG)! algorithm

©n+1 . 1 2 2
¥ " = argmin 27(”('0 - <Pn||L2(Q) + [y — q/’nHLZ(aQ)) — &o(un, 0, Y) ¢
n+1 %GHé(Q) T
»eL?(09)
Z)ZﬂJrl Pn41 Pn+1 $Pn
& — 4+ w _ ,
'l/Jn-H wn-%—l wn-%—l wn
. 1 _ ~
Up+1 = argmin {T(HU - Un”i2(9) + | Bu — BUn|ﬁ2(aQ)) + &o(u, Pni1, wn+1)} .
ueH?(Q) Tu

® Proximal Grad Ascent + Extrapolation 4+ Proximal Grad Descent.
® 7,,7,: stepsizes, w: extrapolation coefficient.

® Successful applications on finite difference schemes for conservation laws,
reaction-diffusion equations®, etc. (1D, 2D)

1M. Zhu, T. Chan. An efficient primal-dual hybrid gradient algorithm for total variation image restoration.
A. Chambolle, T. Pock. A first-order primal-dual algorithm for convex problems with applications to imaging.

3Shu Liu, Siting Liu, Stanley Osher, Wuchen Li. A first-order computational algorithm for reaction-diffusion
type equations via primal-dual hybrid gradient method. JCP, 2023.
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Leveraging Primal-Dual Hybrid Gradient (PDHG)! algorithm

©n+1 . 1 2 2
W | = argmin 5 (le = enllia@) + ¥ = ¥allia) — dolun . ¥) ¢
n+1 %EHé(Q) T
»eL?(09)
<En+1 Pn+1 ©n+1 ®n
Js — +w _ ,
wn+1 wn-%—l wn-%—l wn

. 1 o~
uri = axgmin { (1o = lfaa) + 1B~ Bulfrom) + 6ot oo, i) |
ueH?(Q) Tu
® Proximal Grad Ascent + Extrapolation + Proximal Grad Descent.
® 7,,7,: stepsizes, w: extrapolation coefficient.

® Successful applications on finite difference schemes for conservation laws,
reaction-diffusion equations®, etc. (1D, 2D)

1M. Zhu, T. Chan. An efficient primal-dual hybrid gradient algorithm for total variation image restoration.
A. Chambolle, T. Pock. A first-order primal-dual algorithm for convex problems with applications to imaging.

3Shu Liu, Siting Liu, Stanley Osher, Wuchen Li. A first-order computational algorithm for reaction-diffusion
type equations via primal-dual hybrid gradient method. JCP, 2023.
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lll-conditioned problem and its preconditioning

Experience gained from classical methods:

Solve Poisson equation on Q = [0, 1] with finite difference scheme.
Suppose € is discretized into Ny + 1 subintervals.

-2 1
1 —2 1

Denote A= T e RM*Nx  as discrete Laplace.

1 -2 1
1 -2

Root-finding problem Au— b = 0.
Assoc. saddle point problem: min max {pT(Au —b)—13 |p||2}
u p

PDHG algorithm yields the convergence rate

(k(A) = O(N2)). Very slow convergence!

Summary
00000

Remedy: Find an easy-to-invert precondition matrix M =~ A and consider

M~*Au—M~1h =0.
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Introduce preconditioning

® How do we apply the precondition operator, say, A~! to
F(u)? How to realize the computation? %

® Seems impractical.

Summary
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Introduce preconditioning

® How do we apply the precondition operator, say, A~! to
F(u)? How to realize the computation? %

® Seems impractical.

® . Preconditioning on metric terms of the proximal steps:

|u— u,,Hig(Q) replaced by || M ,u— ,\/lL,unHiz(Q).

llp — S0n||%2(9) replaced by [|[My,p — M¢¢n‘|i2(ﬂ)'

M., M, are precondition operators for v, .

Summary
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Introduce preconditioning

How do we apply the precondition operator, say, A~! to

F(u)? How to realize the computation? =

® Seems impractical.

® . Preconditioning on metric terms of the proximal steps:
|lu— u,,Hig(Q) replaced by || M ,u— ,\/luunH%2(Q).
2 2
lle — 90n||L2(Q) replaced by || M — M¢¢n‘|1_2(9)-
M., M, are precondition operators for v, .
[ ]

How to pick M, M7

Summary
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Key idea:

® Recall u, is the solution to (2), and —Au, = f,

Gwm%mm:/«Awwww+/(wgww
Q

o0

:/(W*VU*%W dx+/ (Bu — Bu.)vdo.
@ o9

_< Vu \ [ Vu Vi >
o Bu Bu. )’ P 12
——— N—— N —

U U. ®

® We modify &o(u, ¢,v) as

E(u, 0, 9) :=(F(u), (¢, ¥))r2 (/ Vel dX+/an¢ dU)

=(U-U.,0): — S [0

® |lu- U,,||L2 =[Vu-— VUHHB(Q + |[Bu — B“ﬂ”é(an)-
® Pick M, = V. Similarly, M, =V

Summary
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PDHG with preconditioning

Summary
00000

The preconditioned PDHG for solving (2) yields

PEH(Q)
»el?(09Q)

©n . 1 .
|5t ] = i { 20150 Vil + 10 = velizon) - S |
n ©

&n#»l ©n+1 ®n+1 ©n
s — + w _ ,
{¢n+1} [1/’"“} (M’"H} {wb
1 o
Unt1 = argmin {7(||T” — Vn|[Zaq) + 1By = Bualf2(o0)) + € (, Pat1, ¢n+1)} :
ueH2(Q) 27y

® The algorithm is at functional level.

® Set u= ug, ¢ = @y, ¥ = P¢ as neural networks.

® |nstead of updating u, ¢, 1, we update parameters
0 eR™ neRM™ &cR™.
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PDHG with preconditioning

Preconditioned PDHG for neural networks
n+1 . 1
|: §n+1 :| = argmln{z(v@?’l - v‘P’r]””iZ(Q) + ||TZ)§ - d’&“ Hi2(ag)) - éa(UG“’ Pn, 1/1,5)} s
n,€ T
£n+1 _ | #pen w Ppntl | [ @yn }
Pl ¢5n+1 w£n+1 Pen ’

(1 ) i L~
0741 = argmin{ (175 = upr gy + 150 = Bl omy) + €. 3771, 5770) |
u

® The algorithm is at functional level.
® Set u= ug, ¢ = @y, ¥ = P as neural networks.

® |nstead of updating u, ¢, 1, we update parameters
0 eR™ neRM™ &ecR™.
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PDHG with preconditioning

Preconditioned PDHG for neural networks

d3((1,€),(n",€")

n+1 . 1
| T | = anemin S (1900 = Viom g + e — verlZzomy ) = 6 Cum, 2,) .

n,§ To
gnﬂ e Opr1 | [ Pnn }
wn+1 w5"+1 w§"+1 1/)£n ’
3 1 d d I o
ot = argmln{ — (Ve — Vuwlliz(m + | Bug — bw)nllfz(am )+ & (ug, <P"+1:1/1"+1)}~
0 u

>
d2(0,0m)

® The algorithm is at functional level.
® Set u= ug, ¢ = @y, ¥ = P¢ as neural networks.

® |nstead of updating u, ¢, 1, we update parameters
0 eR™ neRM™ &cR™.



Motivation NPDG algorithm Convergence analysis Numerical examples Summary
0000000000 00000000800 000 000000 00000

Key idea:

_g:_g(u974p717¢5) —éD:—<U9—U*, TIE>]L2+ ||¢

2

(n,€)’s point of view*. AYV R :
®,, ¢'s point of view.

The intrinsic distance between (1,£) and (n",£") should be induced by

a3 ((n,), (1",€") = | @y — Do

rather than ¢2 distance ||(, &) — (1™, €™)||2.
e, = (V¢;7rv 7/’£)T

2
L2y

4H. Li, Z. Xu, G. Taylor, C. Studer, T. Goldstein. Visualizing the Loss Landscape of Neural Nets. Advances in
neural information processing systems, 2018.
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Natural Gradient Descent

® The update of §"*1:

8n+1

1 -
AE(0.6) + E(up, Burr, o) |-

= argmin {
Tu

OER™e

® The time-explicit scheme: Natural gradient descent.®

o
07 = 07 — 7y M (07)1 258 (gr, B i) -

Nature Gradient
M, (0") is induced by:
7 (0.0") = ||V pg—V tgn||32 () + || Bus—Bugn |32 00y & (0—0") T M,(0")(0—0").

dug(y) du
00; 00;

o))
I
S

(005 = [ a0 st + [

o

5S. Amari. Natural Gradient Works Efficiently in Learning, 1998.
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NPDG algorithm

We update £"t1 and 6"t1 by similar techniques. This yields the
Natural Primal-Dual Gradient (NPDG) algorithm.

n

77”+1 _ n 7 Md(nn)Tagg(u@"a Py ¢£")
gt g" 7 Mbdd(&")Tygéa(uen,sonmﬁgn) ’
S5n+1 - Qpnn+1 9077""'1 gOnn

~ f— +w _ ,

Ynt1 1 Yenta ( Yent [ (% )

o B ~
67 = 0" — Mo (07) 556 (Ugn, Bt Vnea)-

Natural Grad Ascent + Extrapolation 4+ Natural Grad Descent
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NPDG algorithm

We update £"t1 and 6"t1 by similar techniques. This yields the
Natural Primal-Dual Gradient (NPDG) algorithm.

n+1 n
[Zn+1‘|:[2n +TS0

Ma(1")1 5.6 (ugn, @, ten)
Mpqa (& )Ta* (tgn, nn, Yen)
e | [ e | o ([ e ] e ]
wl‘H‘l w§n+l wEnJrl 'l/)gn

a ~
0" = 0" — 7y M ()1 =58 (upn, Gny1, Pns).

Natural Grad Ascent + Extrapolation 4+ Natural Grad Descent
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NPDG algorithm

We update £"t1 and 6"t1 by similar techniques. This yields the
Natural Primal-Dual Gradient (NPDG) algorithm.

n

77”+1 _ n 7 Md(T]n)Tagg(UGn7¢nn7w£n)
gt g" 7 Mbdd(ﬁ”)Tygéa(uen, s Pen) |7
Sén+1 _ Sonn+1 +w gpnn+1 . gDnn 7

Ynt1 1/J§n+1 wgnﬂ Pen

o B ~
67 = 0" — Mo (07) 556 (Ugn, Bt Vnea)-

Natural Grad Ascent + Extrapolation 4+ Natural Grad Descent
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NPDG algorithm

We update £"t1 and 6"t1 by similar techniques. This yields the
Natural Primal-Dual Gradient (NPDG) algorithm.

77”+1 _ 77” Md(T]n)Tagg(UGn7¢nn7w£n)
gt " Mbda (€7)1 56 € (tgn, oo, en)
@n+1 ‘| _ gDnn-%—l SDnn+1

_| P
Ynt1 ¢§n+1 tw ( 1/J§n+1 [ wé‘n ) ’

. 0 -
"+ =0" — 7, M(0 ) 76 (Uons Pnt1s Y1)
Natural Grad Ascent + Extrapolation 4+ Natural Grad Descent

+ 7y

00
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NPDG algorithm

n"t " Ma(n" )T 0 & (uon, pnn, hen)
R A R et viien

‘En-%—l _ Ppnti Ppntl _ Pnn
sl =)
0n+1

n n J Py b,
= 6" = M (0") 8 (o, B, i)

® More general cases:

Lu+Nu=FfonQ, Bu=gondQ.

Summary
00000

® Monge-Ampere equation arising in L?> Optimal Transport problems.
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NPDG algorithm

A0 I U Ma(n")" 5. & (ton, pun, then)
£n+l gn ® Mbdd(fn)Tygg(UG"aWn"7¢£") ’

Sf’zn#»l _ P+l Ppn+l _ ©nn
{%H} [d’f”“ ]+w([¢s"+l } [W" D
n n n 0 ~ o
0 = 0" — TuMp (0 )T%é@(uf)“v@wrhwnﬂ)

Evaluate the natural gradient Md(n”)Ta%éa(ugn,<pnn7z/)§n):

® I\ My(n") is prohibitively expensive to compute.

® How to solve My(n")V = a@né"(uen, Oy Pen)?
Krylov subspace method: only requires matrix-vector
multiplication.

Summary
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Time-continuous NPDG algorithm

® NPDG flow: time-continuous version of the NPDG algorithm:

0
Nt :Md(nt)T%g(uet; Soﬁﬂwft)’
0
gt Mbdd(gt) 8§ (Uetasoma'l)/)ft)a

9 _ .
895"(1195 Ot + Pt Y + yt),

be = — M,(6,)"
as 7y, T, — 0 and wr, — v > 0.

® Consider the linear equation:
Lu=f onQ, Bu=g, ondQ,
L= Dd*Z’Dp. (For example, —A = (V)* Id V.)

Suppose (3) admits unique classical solution w,.

e Apply NPDG flow with M, = Dy, M, = D,.

Summary
00000



Convergence analysis
ooe

® Suppose {(0¢, M, &) bo<e<T solves the NPDG-flow.
® Denote % as the condition number of £ w.r.t. L2 norm.
® Assume «, 31, 32 describe the approximation quality of tangent
subspaces spanned by neural networks ug, @y, 1e.
Suppose a + 1 < %2 B2 < 1, if v further satisfies

(14 Bu)y + B2 + |l —7|)
4y ’

(% -@+8)-a-a)>

There exists r > 0 depending on L, the hyperparameters v, o, 1, 52,
such that, for 0 <t < T,

[ Mu(uo, — U*)”fz(n) + [1B(us, — U*)H%Z(an) < 2Goexp(—rt).

65. Liu, S. Osher, W. Li. A Natural Primal-Dual Hybrid Gradient Method for Adversarial Neural Network
Training on Solving Partial Differential Equations. arXiv:2411.06278, 2024.
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Elliptic equation with variable coefficients d = 20

® \We consider:

=V (k(x)Vu(x)) = f(x), u(y) = g(y) on 9.

Q = [-1,1]? with even dimension d.
K(x) = AL with A = diag(ho, At - - > Ao, A1), Ao = 1, A1 = 4.

T -1 _
f(x) = =02 (xTAx + 1) — [Ix[]?, g(y) = 3y A~y

The solution u.(x) = 1x" A7 x.

® Pick u, ¢, as MLPs with hidden dimension 256, number of hidden
layers 4, and softplus(-)” activation function.

L4 ,\/IP:V,Md:V.

7softp1us(x) = % log(1 + exp(Bx)), B = %.



Motivation NPDG algorithm Convergence analysis Numerical examples Summary
0000000000 00000000000 000 00000 00000

® Fix NN architecture as MLP and use the same sample size for
all tested methods.

20D, Variable coefficient

"9 e

£705 S
% -1.0 bl h Wh»\\hﬂsm ‘W \J\“N“\ J\,“ )’“W\Ml‘\
S-1s W ‘
o Bkl L
s l HM‘I‘ m“’ hw \ WH\ \H‘w\’\\ i H‘M I WN “NWN”

2.0

2.5

0 200 400 600 800 1000 1200 1400
Computation time (seconds)

Figure: Plots of relative L2 error vs. wall clock time(s), comparing NPDG with
PINN, DeepRitz, and WAN.
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Performance comparison on different types of PDEs

® Fix NN architecture as MLP. Use the same sample size.

‘ Equation [ 0 [ d ‘ PINN(Adam) ‘ Deep Ritz | WAN | NPDG ‘
. 10D 14.83 13.45 51.65 40.98
Poisson _ — -
CNue f 0.005 [ 20D 160.82 18349 | 460.12 110.42
v= 50D 1989.06 145229 | 211724 | 821.24
; 10D = = - 281.26
7VY?er0e)fli ¢ | 0:005 20D - - - 998.09
V)= 50D = - = 13731.33
Nonlinear Elliptic
LIVl +V = Au 0.05 | 5D NA. 1894.89

Figure: GPU time (s) required to reach relative L? accuracy § when different methods
are applied to PDEs with different dimensions posed with Dirichlet boundary
condition. (“~" the accuracy is never achieved; “N.A." method is not applicable.)
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Monge-Ampére equation arising from L2-OT problem

® o, p1 — probability density functions.

® Monge-Ampére equation:

po(x) . d
det(D?u(x))| = , podx — a.e., uis convex on R°.
det(D*u(x))| = ~LEX s po

® [2 Optimal Transport (OT) problem (Monge problem):

i T(x) — x|>’du. = pod = pd
S ]Rd” (x) = x|I"dp.  p = podx, v = prdx

Fact: OT map T. = Vu,, with u, solves the Monge-Ampére equation.

To compute T, = Vu,, apply NPDG algorithm to the primal-dual
problem assoc. with the L? OT problem.
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OT from Gaussian to Gaussian mixture in R®

Figure: Plots of the pushforwarded density Ty;p0 by Kernel Density Estimation
(KDE). Left: NPDG method; Right: Primal-Dual algorithm using Adam. Red
lines indicate the computed OT map Ty(-).



Motivation

NPDG algorithm
Convergence analysis

Numerical examples

Summary

«Or «Fr o«

nae



Motivation NPDG algorithm Convergence analysis Numerical examples Summary
0000000000 00000000000 000 000000 0@000

Summary of the research

NPDG = Adversarial neural nets training + Natural gradients.

® Adversarial training:

® Computational efficiency: lower order of differentiation.
® Versatility: Applicable to PDEs possessing saddle point scheme.

® Natural gradients:

® Respect the mathematical nature: PDE-informed precondition.
® Fast & Stable convergence.
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e Shu Liu, Siting Liu, Stanley Osher, Wuchen Li. A first-order computational method
for Reaction-Diffusion type equations via Primal-Dual Hybrid Gradient method. JCP,
2023.

e Shu Liu, Xinzhe Zuo, Stanley Osher, Wuchen Li. Numerical analysis of a first-order
computational algorithm for reaction-diffusion equations via the primal-dual hybrid
gradient method. arXiv 2401.14602, 2024.

e Shu Liu, Stanley Osher, Wuchen Li. A Natural Primal-Dual Hybrid Gradient Method
for Adversarial Neural Network Training on Solving Partial Differential Equations.

arXiv:2411.06278, 2024.

We welcome any comments and suggestions.

WW/
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A Saddle Point Scheme of OT (Monge) problem

® OT (Monge) problem is a constrained optimization problem.
* Introduce Lagrange multiplier ¢ € Cp(RY) to the constraint

Typ = v.

® \We derive the saddle point scheme for solving the OT
problem/Monge-Ampére equation:

sup inf E(T,p). 4
tPECb(Rd) TEM(]R",]Rd) ( ) ( )

ﬁ(Twp):/ %Hx—T(x)ll2po(x)dx+/ w(T(x))po(x)dx—/ e(x)p1(x)dx.
R R

Rd
® Consistency®: saddle point (T, ¢x) of (4) yields OT map T,
ie. Tu(:) = Tu(-)—u as.

Jiaojiao Fan*, Shu Liu*, Shaojun Ma, Yongxin Chen, and Haomin Zhou. Neural Monge Map estimation and
its applications. TMLR, 2023.
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Set T, as neural networks Ty :RY - RY, ©n ‘R 5 R

n n n 6
N =n"+ 7, Mq(n )Ta*néa(n“%”)’
Pnt1 =Pprt + “(‘pn"“ - ('077")’
0"+1 =0" — TTMP(9’1)TQC’§)( T9”5 {5"4-1)‘

0
We define M,(0), My(n) as
[ 9Te(x) T Ty(x)
My (0) = /R 0 gg_ PoWx) dx,

Ma(6) = [ 5-(S o Tol)T 5 (T TalDDpolx) o

Hint: Dual variable ¢ should live in H(R9).

Summary
0000@
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